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The Reaction Field Energy of a Non-Ideal Dipole
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The reaction field energy of a non-ideal dipole directed along the radius vector in a spherical cavity has
been formulated and compared with that of a point dipole located in the center of the cavity for two special
cases. Thus, the validity of approximation of the point dipole used widely is investigated.

The famous Onsager reaction field” of a non-polar-
izable point dipole located in the center of a spherical
cavity with radius a in a continuous dielectric of rel-
ative permittivity e, has long been applied in many
fields. The Onsager reaction field R of the point dipole
p is written as

_2(er—1) _p
T2 +1 (@ 1)

The reaction field is described in the most detail in
Bottcher’s book.? According to this book, the defini-
tion of the ideal (point) dipole is as follows: The dis-
tance [ between two point charges —e and +e is replaced
by I/n and the charge e by ne. The limit approached
as the number n tends to infinity by keeping el=a con-
stant, is the ideal (point) dipole. Moreover, in the book,
the reaction field of an eccentric point-dipole is pre-
sented.

It is, however, not necessarily always proper to ap-
ply the reaction field of the point dipole located in the
center of the cavity: For example, it is obviously im-
proper to apply the Onsager reaction field to a charge-
transfer complex composed of two nonpolar molecules
different in molecular sizes, because the positive and
negative charges resulting from formation of the com-
plex are separately localized at the different molecules
and the middle point between the two molecules may
not be in the center of the cavity. The positive and
negative charges are separated in polar molecules. It is
not necessarily always proper to take the position of the
point dipole for the polar molecule at the center of the
spherical cavity.

There has been no study on the difference between
the reaction fields of ideal and non-ideal dipoles except
for the special case of Huis et al.® As described below,
their treatment is not complete. In this paper, there-
fore, an attempt has been made to derive an equation
for calculation of the reaction field energy of the non-
ideal dipole directed along the radius vector in a sphe-
rial cavity in order to compare the energy with that of
the ideal dipole located in the center or shifted from the
center of the cavity.

Theoretical

As described in Bottcher’s book,? in most cases the
computation of the reaction field at an arbitrary posi-

tion of the ideal dipole is very intricate, except for the
case of an eccentric dipole directed along the radius vec-
tor in a spherical cavity. In this case, therefore, we also
consider the non-ideal dipole directed along the radius
vector in a spherical cavity.

The origin O is chosen in the center of the spherical
cavity (of radius a) embedded in a continuous dielectric
medium (of relative permittivity ¢,) and the positive z
axis is taken through the non-ideal dipole, whose mo-
ment is u=¢(ra+mg) in the direction of the positive 2
axis, as shown in Fig. 1. In Fig. 1, the negative and
positive charges (—¢ and +¢) of the dipole are located
at the point A (2=ra) and at B (2=—rg), respectively,
on the zaxis. The distances from these charges to an
arbitrary point P are written by PA and PB. The dis-
tance from the origin to P is denoted by r and the angle
between the vector r and the positive z-axis is denoted
by 6. Then, assuming that 7>rs and r>rg, we obtain:

1 _ 2 T
5= (r* 473 —2rarcos §)" /% = §=0Pn(cos B)M%, (2)
1 2, .2 -1/2
=== (r" +rg — 2rgr cos (7 — 0))
PB - ] "
= Z%(—l) P..(cos 0)1”“,_1 . (3)

Here P,(cosf) is the Legendre polynomial and P,
(—cosf)=(—1)"P,(cosf). We write the potential
at the position of r outside and inside the cavity as
¢1(r) and ¢2(r), respectively. From the general solu-
tion of Laplace’s equation for the case of at least axial
symmetry,? ¢;(r) and ¢2(r) are written as
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Fig. 1. Model.
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d1(r) = io (Anrn + i_l) P,(cos ) (r>a), (4)
o) = i (C’nr" + 'rjf-‘):l) Pn(cos 0) (raorrg <r<a).
n=0

(5)

The constants of A,, B,, C,, and D,, in Egs. 4 and 5
can be calculated by the same procedure as in the case
of the eccentric point-dipole in Béttcher’s book? as fol-
lows: The terms of ¥(D,, /1) P, (cosf) in ¢, are due
to the field of the permanent dipole in the cavity and are
obtained from the potential ¢(r) (#(r)=(—q)/PA+(+
q)/PB) in the absence of the dielectric. Then we obtain
Dp=¢{(-1)"rg—rk}. From the boundary condition of
(#1)r—00o=0, we obtain A,,=0 for every n. Here we write
B, as B,=B, xq{(-1)"r§ —r2}. From the boundary
conditions of (@1)r=a=(P2)r=a and & (0¢1/07)r=q=

(0¢2/0T)r=q, we can obtain B’ and C,. Thus, we
obtain:
oo 2n+1 q{( -1)"rg —rx}
g (n+Der+n | x Pp(cos 6),
(6)
n+DE-1)
Z0 n + 1 Er +n
L= 1)a25+: L . (cos 6)
+3> 51{_71_1__i X Pn(cos 6). s

n=0

According to Béttcher’s book,? therefore, we obtain the
reaction field potential ¢®(7) for the whole cavity as

&m
_ n+na-n g{(=1)"r — r3}r"

(8)

In Eq. 8, the values of r=r4 and cos0=1 (i. e., P,(1)=
1) and ones of r=rg and cost=-1 (i. e., P,(—1)=
(=1)") should be used for the reaction potential of
#®(A) at the position of A and for the potential of
#®(B) at B, respectively. By using Eq. 8 in this way,
the energy (E) of the non-ideal dipole w in its own re-
action field is given by the following equation, as long
as the permittivity of the dielectric is constant:?

E = {(~0)#"(A) + (+0)9"(B)}

{(-1)"rg — 3}

n+1
)

a
2 Xa?'z(n+1)sr+n)<

Assuming that r5 >rg, we adopt the following pa-
rameter &
TB _
e t. (10)
Using Eq. 10, we can write Eq. 9 as

er—1 /_,l,_2

Tl @
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2er +1 & n+1 ra ) 2(n=1
[ 2(1+t22:2 n+1)er+n( )
x{(-1)"¢" = 1)) (11)

Equation 11 is the final equation. In the next section,
we apply Eq. 11 for two special cases.

Applications

In the Case of ra=rp (t=1). In this case, we
can write u=¢x(2rs). Putting =1 into Eq. 11, we

obtain ) )
- u
= 1
E 26r T e X (14 u), (12)
where
4 oo 4(n—2)
_ ’I‘_A_ n TA

u—(26r+1)(a> 712_:,_,2n5,+(2n—1) ( ) (13)

By using the Onsager reaction field of Eq. 1, we obtain

for the energy of the point dipole (u located in the

center of the spherical cavity) in its own reaction field:
1 e—1 _ u?

E=—§[I/’R=—2€r+1 Xa—s. (14)

From the comparison of Eq. 12 with Eq. 14, the u value
of Eq. 13 indicates the degree of difference in the F
values between the non-ideal dipole and the point dipole
located at the origin. The values of (1+u) for several
values of ra/a and ¢, are given in Table 1. The table
shows that the (14 u) value does not change very much
from unity at the range of ry smaller than 0.5. In the
case of ro =rg, therefore, the reaction field of the point
dipole (Eq. 1) may be satisfactorily used for the r4/a
value smaller than 0.5.

In the Case of rg=0 (t=0). In this case, we
can write p=gqr,, because the positive charge of the B
point is located at the origin. Putting t=0 into Eq. 11,
we obtain:

__&—1 /f"
2€r T 7 % x (1+v), (15)
where
_ (2 +1) (r_A)'-’i ntl (r_A)2("_2)
- 2 a/) Z(n+1le+n a i
(16)

The v value indicates the degree of difference in the
E values between this non-ideal dipole and the point
dipole located at the origin. The values of (14 v) for
several values of 74 /a and ¢, are shown in Table 2. The
table shows that the (1+v) value considerably increases
with the increasing value of 74 / a from unity and slightly
depends on the ¢, value for the same 75 /a value. From
Table 2, it is known that Eq. 14 for the point dipole
located at the origin gives considerably smaller values
than Eq. 15 does above the ra/a value of 0.2. The use
of Eq. 14 is, therefore, inappropriate for the case where
the point dipole is considerably shifted from the center
of the spherical cavity.
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Table 1. Values of (1+u)

Values of (1+u)

ra/a er=2 =10 er=20 er=30 er=50 er=80
0 1 1 1 1 1 1
0.05 1.000 1.000 1.000 1.000 1.000 1.000
0.10 1.001 1.001 1.001 1.001 1.001 1.001
0.15 1.001 1.001 1.001 1.001 1.001 1.001
0.20 1.002 1.002 1.002 1.002 1.002 1.002
0.25 1.004 1.004 1.004 1.004 1.004 1.004
0.30 1.007 1.008 1.008 1.008 1.008 1.008
0.35 1.014 1.015 1.015 1.015 1.015 1.015
0.40 1.024 1.026 1.026 1.026 1.026 1.026
0.45 1.039 1.042 1.042 1.042 1.043 1.043
0.50 1.061 1.065 1.066 1.066 1.066 1.066
0.55 1.091 1.098 1.099 1.100 1.100 1.100
0.60 1.135 1.145 1.147 1.147 1.148 1.148
Table 2. Values of (1+v)
Values of (1+v)

raja er=2 =10 er=20 er=30 er=>50 er=80
0 1 1 1 1 1 1
0.05 1.002 1.003 1.003 1.003 1.003 1.003
0.10 1.010 1.010 1.010 1.010 1.010 1.010
0.15 1.022 1.023 1.023 1.023 1.023 1.023
0.20 1.039 1.041 1.041 1.041 1.041 1.042
0.25 1.063 1.066 1.066 1.066 1.066 1.067
0.30 1.093 1.097 1.098 1.098 1.099 1.099
0.35 1.130 1.137 1.138 1.139 1.139 1.139
0.40 1.178 1.187 1.189 1.189 1.190 1.189
0.45 1.236 1.249 1.251 1.252 1.253 1.253
0.50 1.310 1.327 1.330 1.331 1.331 1.331
0.55 1.402 1.425 1.429 1.430 1.431 1.429
0.60 1.520 1.551 1.556 1.558 1.557 1.558
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From the reaction field for an eccentric point-dipole
(p) directed along the positive z-axis in the spherical
cavity,? the energy of the dipole in its reaction field is
easily obtained as

(er = p® & _nP(n+1)
2 b (n+Dec+n

82(71.—1)

a2n+1’

E=- (17)

where s is the distance from the origin to the eccentric
point dipole on the zaxis. In order to compare the
energy of Eq. 17 with that of Eq. 15, we should take
s=ra/2, because s is the position of the point dipole.
Putting s=ra/2 into Eq. 17, we have:

2

e —1 I
E = 2Er_'_1><a3><(1—|—w), (18)
where
w =
(2e: + 1) (r_A)zi n%(n+1) 8 (r_A)2<n—2>
8 a/) 2=220-2{(n + 1)e; + n} a '

(19)

The w value also indicates the degree of difference in

the F values between the eccentric point dipole and the
point dipole located at the origin. The values of (14 w)
for several values of 74 /a and ¢, are listed in Table 3.
The 2s value of the first column in Table 3 directly
corresponds to the 74 /a value of Table 2: For example,
the 2s/a value of 0.60 in Table 3 gives the (14+w) value
for the s/a value of 0.30. This (1+w) value corresponds
the (1+wv) value for the 74 /a of 0.60 in Table 2. Table 3
shows that the (14 w) value also considerably increases
with the increasing value of ra /a from unity and slightly
depends on the &, value, as in the case of the (1+v)
value. In the comparison of Table 3 with Table 2, the
(14 w) value is nearly equal to the corresponidng (1+
v) value within the r4/a value of 0.5. It is, therefore,
appropriate to apply Eq. 18 except for the case where
the point dipole is shifted extremely far from the center
of the spherical cavity.

Discussion

From Eq. 8, we can write the reaction field R in the
cavity as

R = —grad ¢"(r). (20)
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Table 3. Values of (1+w)

The Reaction Field Energy of a Non-Ideal Dipole

Values of (1+w)

2s/a=rafa  &=2 &=10 &=20 =30 &=50 =80
0 1 1 1 1 1 1
0.05 1.002  1.003 1.003 1.003 1.003 1.003
0.10 1.010 1.010 1.010 1.010 1.010 1.010
0.15 1.021  1.023 1.023 1.023 1.023 1.023
0.20 1.038 1.040 1.041 1.041 1.041 1.041
0.25 1.061  1.064 1.064 1.064 1.065 1.065
0.30 1.089  1.094 1.094 1.094 1.094 1.095
0.35 1.123 1.129 1.130 1.131 1.131 1.131
0.40 1.164 1.173 1.174 1.174 1.175 1.175
0.45 1213 1.224 1.226 1.227 1.227 1.227
0.50 1.270 1.285 1.287 1.288 1.288 1.288
0.55 1.337  1.356 1.359 1.360 1.360 1.361
0.60 1.416 1.439 1.442 1.444 1.445 1.445
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On the zaxis, the components of R in the 2~ and y
direction will be zero due to the symmetry.? Thus, we
have for the component of R(z) on the zaxis:

R(z) = { Z (n+1)(er = 1)

(n+ e +n
H"rg — T}z
Q{( a25+1 Atz" x Pn(1)}k
P SLERCER ICOE EL TS
= (n+1le+n a?ntl '

(21)

Here k is the unit vector in the direction of the z-axis.
In order to compare with the reaction field given by
Huis et al.,*) we write the following equation by putting
ra=rg=d into Eq. 21:

2er—1)  p 12(er—1)  pd®z?

=- £ _ — (22
R(2) 2er+1 ><a3 4er + 3 x a’ (22)

If 2=0 in Eq. 22, we obtain the reaction field at the
origin due to the non-ideal dipole. This reaction field,
similarly to Eq. 1, is independent of the position of the
dipole, as in the case of the eccentric point dipole.?
For the special case of ra=rg (¢=1) described above,
Huis et al.®) presented the expression of R(2) up to the
second order as follows:
2e:—1)  pm  6(er—1)  pd*(322 —r?)
2er +1 X$+ 4er + 3 % a’
The details of their calculation were not described in
their paper.® The difference of sign between Eqs. 22

R(z) = . (23)

and 23 is due to the difference in defining the direction
of p. Huis et al. chose the direction of g from —qto +¢
contrary to our case. In Eq. 23, the value of 7 on the
zaxis can be replaced by 22, because r?=12+y?+22.
Then, Eq. 23 is equal to Eq. 22. However, Huis et al.®)
presented only the second-order expression for R(z) for
the special case of ra=rg (t=1).

Moreover, some consideration is needed in order to
derive the FE value by using the reaction field of Eq. 21
in this case of the non-ideal dipole. Remembering the
expression of p=(—q)ra+grs=k(—q)(ra+mg) in this
case, we should write as follows for the F value:

A

B=-3(-0) [ Rz = 3{(-08"(A) + (+s*®)},

° (24)

because the reaction field acts on the line from B to

A on the zaxis in this case. Then, Eq. 24 is identical

with Eq. 9. Otherwise, we cannot find the expression
of Eq. 9 by using the reaction field of Eq. 21.
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